
Math 303 Homework 5

Exercises 2-7 concern the symmetric difference of sets, defined below.

Definition 1. The symmetric difference of sets X and Y is the set X4Y defined by

X4Y “ ta | a P X or a P Y but not bothu

Exercise 2. Prove that X4Y “ pXzY qY pY zXq “ pX YY qzpX XY q for all sets X and Y .

Exercise 3. Let X be a set. Prove that X4X “ ∅ and X4∅ “ X.

Exercise 4. Let X and Y be sets. Prove that X “ Y if and only if X4Y “ ∅.

Exercise 5. Prove that sets X and Y are disjoint if and only if X4Y “ X Y Y .

Exercise 6. Prove that X4pY4Zq “ pX4Y q4Z for all sets X, Y and Z. Hint: The
temptation is to write a long string of equations, but it is far less painful to prove this by
double containment, splitting into cases where needed. An even less painful approach is to
make a cunning use of truth tables.

Exercise 7. Prove that X X pY4Zq “ pX X Y q4pX X Zq for all sets X, Y and Z. Hint:
The hint for the previous exercise applies here too.

Definition 8. A subset U Ď R is open if, for all a P U , there exists δ ą 0 such that
pa´ δ, a` δq Ď U .

In Exercises 9-12 you will prove some elementary facts about open subsets of R.

Exercise 9. For each of the following subsets of R, determine (with proof) whether it is
open:

(a) ∅;

(b) p0, 1q;

(c) p0, 1s;

(d) Z;

(e) RzZ;

(f) Q.

Exercise 10. Prove that a subset U Ď R is open if and only if, for all a P U , there exist
u, v P R such that u ă a ă v and pu, vq Ď U .

Exercise 11. In this question you will prove that the intersection of finitely many open sets
is open, but the intersection of infinitely many open sets might not be open.

1



(a) Let n ě 1 and suppose U1, U2, . . . , Un are open subsets of R. Prove that the intersection
U1 X U2 X ¨ ¨ ¨ X Un is open.

(b) Prove that p0, 1` 1
n
q is open for all n ě 1, but that

Ş

ně1p0, 1`
1
n
q is not open.

Exercise 12. Prove that a subset U Ď R is open if and only if it can be expressed as a
union of open intervals—more precisely, U Ď R is open if and only if, for some indexing set
I, there exist real numbers ai, bi for each i P I, such that U “

Ť

iPIpai, biq.

Exercise 13. Let tAn | n P Nu and tBn | n P Nu be families of sets such that, for all i P N,
there exists some j ě i such that Bj Ď Ai. Prove that

Ş

nPNAn “
Ş

nPNBn.
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